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This paper introduces a novel hybrid sourcemodel into an existing acoustic analogy approach to obtain improved

predictions of the turbulent mixing noise from cold, round, subsonic, and supersonic jets. The model incorporates

new features of the Reynolds stress autocovariance tensor components found in recent experiments. The model

parameters are determined from a Reynolds-averaged Navier–Stokes flow solution and experimental data. It is

shown that this model significantly improves the predictions relative to previous results, particularly at observer

polar angles between 90 degrees to the jet axis and the peak noise direction, indicating the importance of properly

modeling relatively subtle characteristics of the autocovariance functions. The results are used to infer the relative

importance of individual terms thatmake up the formula for the acoustic spectrumas a function of jetMachnumber,

frequency, and observer location.

Nomenclature

A�l = amplitude function
am;l = series coefficients
Cijkl = amplitude scaling for turbulence autocovariance

components
c = sound speed
c1 = ambient sound speed
D = nozzle diameter
Dm

1 , D
l
� = differential operators

ga�� = adjoint vector Green’s function

H = Helmholtz number
H�jkl = spectrum
H�j�l = generalized Reynolds stress autocovariance spectrum
h = enthalpy
I! = acoustic spectrum
k = wavenumber vector
k = turbulent kinetic energy
�k1 = frequency-dependent streamwise wavenumber
�kT = frequency-dependent transverse wavenumber
L = streamwise length scale
li = characteristic length scale

l̂i = normalized characteristic length scale
�li = frequency-dependent length scale

~l = length scale parameter
M = acoustic Mach number
Ma = jet acoustic Mach number
p = pressure
R�j�l = generalized Reynolds stress autocovariance tensor

RM�j�l = moving-frame Reynolds stress autocovariance tensor
~R = normalized fixed-frame spectrum

R = magnitude of normalized fixed-frame spectrum
S = eikonal

T = averaging time
t = time
Uc = convection velocity
Ucrit lay = critical-layer velocity
V = source volume
y = source location
vi = velocity vector
v04 = generalized enthalpy fluctuation,

��� � 1��h0 � 1
2
v02�

X =

���������������������������
~�21 � ~�

2 � ~�
2
1

q
x = observer location
xc = distance to end of potential core

Z = 1
X
� ~�1 � l1

l0
~�1�2

� = exponent
�, �̂ = arbitrary functions of �̂T
~�, ~� = arbitrary functions of ~�T
�� = arbitrary functions of ��T
��j = Fourier-transformed propagator
� = specific heat ratio
��j = propagator
	�� = Kronecker delta
" = turbulence dissipation rate
"�j;
m = 	�
	jm � ��1

2
	�j	
m

��i = separation vector normalized by frequency-
dependent length scale

��T = magnitude of transverse separation vector component
normalized by frequency-dependent length scale

� = separation vector
� = characteristic frequency scale
�i = moving-frame separation vector
� = polar angle measured from jet axis
��j�l = spectral tensor
��j�l = generalized Reynolds stress spectral tensor
� = density
� = time delay
! = radian frequency
~! = normalized radian frequency

Subscripts

i, j, k, l = tensor indices� 1; 2; 3
T = transverse component
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�, � = tensor indices� 1; 2; 3; 4

Superscripts

a = adjoint
M = moving-frame function
� = time average
0 = fluctuating quantity
~ = Favre average
� = complex conjugate
^ = normalized variables
r = gradient operator
j j = absolute value

I. Introduction

J ET mixing noise continues to be the main contributor to overall
aircraft noise on takeoff, despite significant increases in engine

bypass ratios. The development of effective mixing-noise reduction
technologies, therefore, continues to be a high priority for the
commercial aircraft industry, and robust noise prediction techniques
are an important tool for accomplishing this. Most of these methods
are based on the acoustic analogy approach, introduced by Lighthill
[1] over 50 years ago.

Subsequent development of this approach led to formulations,
such as that of Lilley [2], which explicitly account for mean flow
interaction effects. Current state-of-the-art jet noise prediction codes
(such as the JeNo code; Khavaran et al. [3]) use Lilley’s formulation
along with empirical models for the source terms and Reynolds-
averaged Navier–Stokes (RANS) solutions to obtain the mean flow
and turbulent kinetic energy.

Goldstein and Leib [4] recently developed an acoustic analogy
approach for predicting high-speed jet noise from information about
the turbulence. They introduced a number of modeling approx-
imations about the mean flow and turbulence to reduce the general
(and exact) formulation of [5] to a form that can be used for practical
noise predictions. The acoustic predictions in [4] are based on their
equation 6.27, which was obtained from the general formula by
assuming that: 1) the mean flow is weakly nonparallel, 2) the
four-dimensional space-time spectrum of the Reynolds stress auto-
covariance (which is termed the spectral tensor in this paper) has the
same tensorial structure as the corresponding zero-wave-number
tensor, 3) the autocovariance tensor is consistent with the quasi-
normality hypothesis and, finally, 4) the turbulence is axisymmetric
in a statistical sense.

Goldstein and Leib [4] used the weakly nonparallel mean flow
approximation to construct a uniformly valid composite solution for
the adjoint Green’s function which eliminates the critical-layer
singularity that occurs in the leading order solution when the
observation angle is close to the downstream jet axis in supersonic
flows. They also accounted for a “detuned” critical layer that occurs
near the jet centerline when the difference between the centerline
velocity and the critical-layer velocity, Ucrit lay � c1= cos �, where
c1 is the ambient sound speed and � the polar angle measured from
the downstream jet axis, is of the order of the mean flow spread rate.

Goldstein and Leib [4] used a general, nonseparable (in space and
time), functional form to represent the components of the Reynolds
stress autocovariance tensor (in a reference frame moving with the
convection speed of the turbulence). The model is flexible enough to
account for long-range coherence effects and exhibits the cusp at zero
time and streamwise spatial separation observed experimentally.
Their predictions, which use experimental data and a RANS code to
obtain the required information about the turbulence, were compared
with acoustic measurements taken on the NASA John H. Glenn
Research Center at Lewis Field Small Hot Jet Acoustic Rig (SHJAR)
and good agreement was obtained over a range of Mach numbers at
two different observation angles. Subsequent comparisons at inter-
mediate angles, however, were less satisfactory. The problem was
traced to the empirical formula used to model the independent com-
ponents of the Reynolds stress autocovariance tensor, and pointed to
the need to further refine this model.

A number of recent experimental studies provide information
about the details of the Reynolds stress autocovariance tensor in
turbulent jets that are relevant to noise source modeling. Harper–
Bourne [6] measured the streamwise component of the Reynolds
stress autocovariance tensor, and associated spectrum, in a low-speed
jet and found that, when the spatial separation vector components are
nondimensionalized by appropriate frequency-dependent length
scales, themagnitude of the coherence (i.e., the spectrum normalized
to unity at zero separation) becomes independent of frequency.
Morris and Zaman [7,8] also measured the streamwise component of
the Reynolds stress autocovariance tensor, as well as the amplitudes
(zero space-time separation) of certain transverse components.
Morris and Zaman [9] extended these measurements to include
components of the Reynolds stress autocovariance tensor involving
radial velocity fluctuations and the associated length scales.

These experiments provide well-resolved details of some of the
quantities that need to bemodeled in an acoustic analogy approach to
jet noise but, owing to their use of hot-wire anemometry, are limited
to relatively low Mach number, cold flows. An extensive database
documenting the mean flow, turbulence and acoustics of turbulent
jets over a wide range of operating conditions has been assembled
from measurements taken on the SHJAR at NASA John H. Glenn
Research Center at Lewis Field [10–13]. The measurements were
taken with a particle imaging velocimeter (PIV) to study supersonic
and hotflows. Prokora andMcGurik [14]made PIVmeasurements in
subsonic round jets.

The objective in [4] was to implement the exact acoustic analogy
formulation in [5] using a minimum number of assumptions and
approximations, and to base thosewhich could not be avoided, as far
as possible, on experimental data or results of numerical simulations.
But Afsar et al. [15] and Afsar [16] have shown that some of the
assumptions in [4] were unnecessary and, thereby, put the modeling
approximations on a more rigorous theoretical basis. In particular,
they show that it is only required to assume that the Reynolds stress
autocovariance tensor depends on the transverse component of the
spatial separation vector only through its magnitude, and that the
resulting quantity is an axisymmteric tensor, to obtain the result used
in [4]. Afsar et al. [15] refer to this as a statistical axisymmetric
turbulence model, and we use that terminology here. Afsar [16] also
obtained a slight generalization of equation 6.27 of [4] that applies
even when assumption 1 is not satisfied, but we use this approx-
imation in this paper to simplify the computations.

The statistically axisymmetric model for the Reynolds stress
autocovariancewas rigorously developed in Afsar et al. [15], making
only the approximations described above, by decomposing this
tensor into its basic invariants and using the pair symmetries implied
by its definition. They compared this model with data from a large
eddy simulation (LES) of a Mach 0.75 isothermal round jet. Their
results show that the statistically axisymmetric turbulence model
captures the correct spatial behavior of the invariants of the Reynolds
stress autocovariance tensor.

The main purpose of using the statistically axisymmetric turbu-
lence model is to reduce the large number of independent compo-
nents of the Reynolds stress autocovariance tensor that appear in the
formula for the acoustic spectrum down to a more manageable level,
consistent with a practical jet noise prediction scheme. Its use was
originally proposed (Goldstein and Rosenbaum [17]) as an alter-
native to the simpler, but less physically realistic, isotropic model for
this purpose. Its use in acoustic analogy based jet noise predictions
has been accepted for some time (beginning with Khavaran [18]) as
providing a theoretically consistent way to represent the experi-
mentally observed anisotropy in round turbulent jets with a relatively
minimal amount of algebraic complexity. More recent experiments
and numerical simulations have continued to provide support for use
of this model in jet noise predictions.

One purpose of the present paper is to introduce a new,fixed-frame
model for the space-time Fourier transform of the fluctuating
Reynolds stress autocovariance tensor, which ismore consistent with
characteristics observed in recent experimental measurements of jet
turbulence than the moving-frame model used in [4]. The model can
be thought of as a hybrid between previous frequency-domain (with
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frequency-dependent length scales) and time-domain approaches.
This diminishes the role of source convection effects, which means
that the predicted directionality of the radiated sound is now almost
entirely due to mean flow interaction effects and retarded time
variations across the source region. (It is now well known that the
mean flow interactions can significantly amplify the small-angle
sound radiation [19–21].) Another purpose of this paper is to extend
the range of comparisonswith data to improve the level of confidence
in the predictions.

Section II summarizes the relevant parts of the acoustic analogy
formulation of [5], and Sec. III introduces a model for the sound
propagation/source interaction, which takes advantage of the dispar-
ity in length scales between the mean flow and the turbulence, to
simplify the general result. Section IV, which describes the details of
the new source model, shows that the suitably normalized spectrum
of the autocovariance tensor becomes independent of frequency
when appropriate frequency-dependent length scales are introduced
as found experimentally by Harper–Bourne [6]. This result is used to
improve the consistency of the model with the experimental mea-
surements. The coefficients used in the sourcemodel are described in
Sec. V where the resulting predictions are compared with data and
the effects of the individual terms in the formula for the acoustic
spectrum are discussed. The results show that relatively subtle
changes in the long-range tails of the autocovariance functions can
have a large effect on the shallow angle acoustic radiation at high
Mach numbers. Finally, conclusions and comments on possible
future work are made in Sec. VI.

II. Basic Equation

The Fourier transform

I!�x� �
1

2


Z 1
�1
ei!�p2�x; �� d� (1)

of the far-field pressure autocovariance

p2�x; �� � lim
T!1

1

2T

Z
T

�T
p0�x; t�p0�x; t� �� dt (2)

(the acoustic spectrum at the observation point x) can be expressed in
terms of I!�xjy�, the acoustic spectrum at x due to a unit volume of
turbulence at y, by

I!�x� �
Z
V

I!�xjy� dy (3)

where the integration volume, V, is the entire source region, p0 �
p � �p and overbars are being used to denote time averages.
Goldstein and Leib [4] show that this latter quantity is given by

I!�xjy���2
�2��j�xjy;!�
Z
V

���l�xjy��;!�H�j�l�y;�;!�d� (4)

where the asterisk denotes complex conjugates, the Greek indices
range from one to four, and the Latin indices from one to three

��j �
1

2


Z 1
�1
ei!�t�����j�xjy; t� �� d�t � �� (5)

is the Fourier transform of a “propagator”

��j�x; tjy; �� �
@ga�4�y; �jx; t�

@yj
� �� � 1�	�k

@ ~vk
@yj

ga44�y; �jx; t� (6)

that depends on the fourth component of the adjoint vector Green’s
function ga���y; �jx; t�, which can be calculated from equations 4.8–
4.11 of [4] once the mean flow is known.

The spectrum H�j�l is related to the spectrum

H�j�l�y;�; !� �
1

2


Z 1
�1
e�i!�R�j�l�y;�; �� d� (7)

of the generalized Reynolds stress autocovariance tensor

R�j�l�y;�; �� � lim
T!1

1

2T

Z
T

�T
��v0�v0j � �v0�v0j	�y; �0���v0�v0l

� �v0�v0l	�y� �; �0 � �� d�0 (8)

by the simple linear transformation

H �j�l � "�j;
mH
m�n"�l;�n (9)

where v0� � v� � ~v� denotes a generalized, four-dimensional
“velocity” fluctuation, with vi, i� 1, 2, 3, being the ordinary fluid
velocity and v04 � �� � 1��h0 � 1

2
v02�, where h0 is the fluctuating

enthalpy ([4]), ~vk denotes the Favre-averaged flow velocity, and

"�j;
m � 	�
	jm �
� � 1

2
	�j	
m (10)

It is important to note that it would be impossible to define the
Fourier transform (7) if the autocovariance tensor (8) were replaced
by the correlation tensor

lim
T!1

1

2T

Z
T

�T
�v0�v

0
j�y; �0��v0�v0l�y� �; �0 � �� d�0 (11)

as is frequently done in analyses based on a Lilley-type equation
since, as pointed out by Batchelor [22], this latter quantity tends to a
nonzero value as � !1.

This result (which also serves as the basis of the analysis in [4])
shows that there is an exact relation between the quantities that are
usually measured in aeroacoustics experiments, namely the far-field
acoustic spectrum and the generalized Reynolds stress autocovar-
iance tensor. It is completely general and applies to any localized
turbulent flow, even in the presence of fixed solid surfaces, but is
probably too complicated to use for routine jet noise predictions. The
general results were used, along with a LES of the flowfield, to
calculate the noise from aMach 0.75 turbulent air jet [23,24], but the
calculations are very time consuming.

III. Modeling Propagator/Turbulent
Source Interaction

Significant simplification can be obtained if the propagator is
taken outside of the integral over the separation vector in Eq. (4). But
this amounts to neglecting variations of the Green’s function over the
turbulence correlation region, or neglecting so-called “retarded-
time” effects. It is known that these effects can give rise to subtle
source cancellations and that neglecting them can lead to errors in the
noise predictions.

Thevelocityfluctuations in turbulent jets tend to be correlated over
distances that are relatively short compared with the corresponding
transverse and streamwise length scales of the mean flow, sayD and
L, respectively. Although the streamwise distances over which these
fluctuations are correlated tend to be longer than the corresponding
transverse ones, the mean flow varies much more slowly in the
streamwise direction than the transverse direction in the high-
Reynolds number flows of interest in jet noise applications. Mea-
surements presented by Prokora andMcGurik [14] provide evidence
that the transverse correlation lengths are small relative to the trans-
versemeanflow length scales. Based on these observations, wemake
the assumption here that the turbulence correlation lengths are short
compared with the corresponding mean flow lengths and show that
this disparity in length scales can be exploited to obtain a sim-
plified formula for the acoustic spectrum which takes into account
variations in retarded time in a systematic way.

Since the linear equation governing the far-field adjoint Green’s
function depends only on the mean flow and reduces to the wave
equation outside the source region, the only length scales uponwhich
this solution can depend are those of the mean flow (which enter
through the coefficients of the equation), and the acousticwavelength
c1=! (since only acoustic waves reach the far field). When all these
length scales are large compared with the turbulence correlation
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lengths, the adjoint Green’s function (and therefore the propagator)
will be relatively constant over the correlation region, and may
therefore be moved outside the integral over the separation vector in
Eq. (4). However, these variations cannot be neglected when any of
these length scales is of the order of, or smaller than, the correlation
length, which, in view of our assumption above, can only be c1=!.
To account for these variations in a self-consistent way, we note that
the Helmholtz number H � !D=c1 (which is the ratio of the
transverse mean flow length scale to the acoustic wave length) must
be large in this case and that ���l�xjz; !� can be represented by its
high-frequency, or Wentzel, Kramers, Brillouin, and Jeffreys,
approximation (see Acknowledgements for more information)

���l�xjz; !� 
 A�l�xjz; !� exp
�
i
!

c1
S�xjz�

�
(12)

where S�xjz� satisfies the (adjoint) Eikonal equation

�rzS� � �rzS� � �1 �M�z� � rzS	2c21=ec2 (13)

where M�z� � ~v=c1 is the acoustic Mach number at z, and
A�l�xjz; !� satisfies an appropriate transport equation and expands
like

!

c1
A�0��l �xjz� � A

�1�
�l �xjz� �

c1
!
A�2��l �xjz� �

�
c1
!

�
2

A�3��l �xjz� � :::

(14)

Since both A�l�xjz; !� and S�xjz� depend only on the mean flow,
their z variation must be on the scale of the mean flow.

Since we are making the assumption that the mean flow length
scales are long compared with their corresponding correlation
lengths, the Eikonal will be relatively constant over the integration
variable in Eq. (4) and may be expanded in a Taylor series for
variations on this scale to obtain

���l�xjy� �; !� 
 ���l�xjy; !� exp
�
i
!

c1
� � ryS�xjy�

�
(15)

This means that the formula (4), for the far-field spectrum can be
written as

I!�xjy� 
 �2
�2��j�xjy;!����l�xjy;!����j�l
�
y;
!

c1
ryS; !

�
as jxj ! 1

(16)

where the turbulence autocovariance tensor enters only through the
spectral tensor

���j�l�y; k; !� �
Z
V

eik��H�j�l�y; �; !� d� (17)

Note that this formula reduces to the result obtained by neglecting
variations in the propagator over the integration volume when the
acoustic wavelength is larger than the turbulence correlation length,
so it is expected to provide a valid approximation at all wavelengths,
as long as our basic assumption about the turbulence is satisfied. But
it should provide a valid approximation even if it is not very well
satisfied, for example if the turbulence length scales are of the order
of the transverse mean flow length scale D, since it has been
demonstrated [25] that the high-frequency approximation Eq. (12)
tends to be very robust and remains reasonably accurate down to
O�1� Helmholtz numbers.

For the nearly parallel mean flows of interest in jet noise problems
���l�xjy; !� behaves like

���l�xjy; !� ! ���l�xjyT; !� exp
�
i
!

c1
y1 cos �

�
as jxj ! 1

(18)

where y1 is in the mean flow direction, yT � fy2; y3g and � is the
polar anglemeasured from the y1 axis. The streamwise component of

the wavenumber vector, k� !ryS=c1, can therefore be reasonably
well approximated by �!=c1� cos � at all frequencies and the
Eikonal Eq. (13) can then be approximated by the parallel flow
Eikonal equation

�ryTS� � �ryTS� � �1 �M�yT� cos �	2c21=ec2 � cos2� (19)

whichmeans that only the transverse components, say kT � fk2; k3g,
of k have to be calculated in this case.

The statistically axisymmetric turbulence approximation implies
that Rijkl�y; �1;�T; �� 
 Rijkl�y; �1; �T; ��, from which it can be
inferred that (Afsar et al. [15], Afsar [16])���j�l�y; k; !� depends on
kT only through its magnitude

kT �
����������������
k22 � k23

q
(20)

so that the generalized Reynolds stress spectral tensor

���j�l�y; k; !� �
Z
V

eik��H�j�l�y;�; !� d� (21)

will depend on ryTS only through j�ryTS�j���������������������������������������������������������������������
�1 �M�yT� cos �	2c21=ec2 � cos2�

p
, which obviates the need to

solve the Eikonal Eq. (19). It would again be impossible to define the
Fourier transform in Eq. (21) [and, therefore, the spectral tensor (17)]
if the autocovariance tensor (8) were replaced by the correlation
tensor (11), since the latter quantity tends to a nonzero value as
�!1.

IV. Modeling the Spectrum

Harper–Bourne [6] showed that the absolute value

R�y;�; !� � j ~R�y; �; !�j (22)

of the normalized fixed-frame spectrum [see Eq. (7)]

~R�y; �; !� � H1111�y;�; !�
H1111�y; 0; !�

(23)

becomes frequency independent when the components of � are
normalized by appropriate frequency-dependent length scales. But
Goldstein and Leib [4] were able to make reasonably good jet noise
predictions based on a nonseparable, moving-frame, space-time
Reynolds stress autocovariance tensor of the form

RMijkl��̂1; �̂T ; �̂� � Âijkl exp����̂
2
1 � �2 � �̂2�1=2 � �̂	 (24)

where �i � �i � 	1iUc�, with �2 � �2��̂T� and �̂2 � �̂2��̂T� being
arbitrary functions of �̂T �

���������������
�̂
2
2 � �̂

2
3

q
that vanish at �̂T � 0, Âijkl is a

parameter, and the variables �̂i � �i=l̂i and �̂ � �� are normalized by

the characteristic length and time scales l̂i, i� 1; 2; 3, and 1=�,
respectively. This functional form is consistent with the classical
Taylor notion that the turbulence is nearly frozen and decays only
slowly with timewhen measured in an appropriate moving reference
frame. Figure 1 shows that it exhibits the usual space-time behavior
observed for such functions as depicted, for example, in Fig. 2 taken
from [6], which is similar to measurements obtained by other
investigators (e.g., [7]). Tester and Morfey [26] discuss several other
autocovariance models that have been proposed in the literature.
However, unlike the Goldstein and Leib [4] result, none of these
exhibit both the experimentally observed cusps at �, �T � 0 as
�1 ! 0 and at �� 0 as � ! 0. They also do not exhibit the increase
in width with increasing streamwise separation distance shown in
Fig. 2.

However, the fixed-frame autocovariance tensor

Rijkl � Aijkle�X (25)

where
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X� ~�1; ~�T; ~�� �
���������������������������
~�21 � ~�

2 � ~�
2
1

q
(26)

�1 � �1 � Uc�, with ~�
2 � ~�

2� ~�T� an arbitrary function of ~�T �����������������
~�22 � ~�23

p
that vanishes at ~�T � 0, Aijkl is a parameter and the

variables ~�1 � �1=l0, ~�i � �i=li, i� 1; 2; 3 are normalized by the
intermediate length scales li, i� 0; 1; 2; 3, is also in qualitative
agreement with the results in Fig. 2, as shown by Fig. 3. Since this
result exhibits the experimentally observed cusps at �, ~�T � 0 as
�1 ! 0 and at �� 0 as � ! 0, it is also consistent with all the usual
experimental observations.

While the result in [4] might appear to be more in concert with the
original Taylor hypothesis, Figs. 1–3 suggest that the present result is
in somewhat better quantitative agreement with the Harper–Bourne
measurements. Note that the normalized variables in Fig. 2 were
obtained using the convection velocity and streamwise length scale
given byHarper–Bourne.More important, it also yields a frequency-
independent formula for R�y; �; !� since the spectrum

Hijkl�y;�;!��
1

2


Z 1
�1
e�i!�Rijkl�y;�;��d��Aijkle�i!l1 ~�1=Uc


2l0� ~�
2
1�1� ~!2�� ~�

2�1� ~!2�	1=2K1�� ~�21�1� ~!2�� ~�
2�1� ~!2�	1=2�

2
Uc�1� ~!2�
(27)

where

~! � !l0=Uc (28)

andK� denotes the modified Bessel function of the second kind, can
be rewritten as

Hijkl�y;�; !� � Aijkle�i!l1 ~�1=Uc l0
� ��21 � ��2�1=2K1�� ��21 � ��2�1=2�


Uc�1� ~!2�
(29)

with

�� 2
1 � ~�21�1� ~!2� (30)

�� 2
i � �2i =�l 2i � ~!�; for i� 1; 2; 3 (31)

�� 2� ��T� � �1� ~!2� ~�2� ~�T� (32)

�� 2
T � �22=�l 22� ~!� � �23=�l 23� ~!� (33)

which implies that

�l 1� ~!�1; �l2; �l3� ~!�1=�; 1� �<1; as ~!!1
�li�O�1� as ~!! 0

(34)

when �� is set equal to ���T . Then, since

Hijkl�y; 0; !� �
l0Aijkl


Uc�1� ~!2� (35)

it follows that

~R�y;�; !� � H1111�y;�; !�
H1111�y; 0; !�

� e�i!l1 ~�1=Uc � ��21 � ��2�1=2K1�� ��21 � ��2�1=2� (36)

and, therefore, that R�y;�; !� � R�y;�� when �� is set equal to ���T ,
i.e., thatR�y;�; !�will be frequency independent when expressed in
terms of the normalized �� variables, which shows that the present
model is consistent with Harper–Bourne’s [6] rather surprising
observation.

The fixed-frame spectral tensor (21), which is related to the
spectral tensor���j�l�y; k; !� that appears in Eq. (16) by [see Eqs. (9),
(17), and (21)] by

Fig. 2 Measurements of the autocovariance of the squares of the

streamwise velocity fluctuations, RU2
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0
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(used with permission). Note that the generalized Reynolds stress

autocovariance defined by Eq. (8) contains the instantaneous (mean plus

fluctuating) density, whereasHarper-Bourne’s [6]measurements do not.
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���j�l � "�j;
m��
m�n"�l;�n (37)

can be written in terms of the scaled frequency-dependent wave

numbers �kT � fk2 �l2; k3 �l3g, �kT � j �kT j and

�k 1 � �k1 � !=Uc��l1 (38)

as

��ijkl�k1; kT; !� � �
2
l0 �l1 �l2 �l3Aijkl
Uc�1� ~!2�

1

�k1

@

@ �k1
G0� �kT; �k1; ~!� (39)

where

G0� �kT; �k1; ~!� �
1

2
�1� �k21�1=2

Z
ei ��T�

�kT� ��� ��T ��1� �k2
1
�1=2 d ��T

� 1

�1� �k21�1=2

Z 1
0

J0� ��T �kT�e�
��� ��T �

��������
1� �k2

1

p
��T d ��T (40)

is just the Hankel transform of �1� �k21��1=2 exp�� ��
��������������
1� �k21

p
	.

Since Harper–Bourne [6] was best able to fit his data with

R�y;�; !� � e�
����������
��2
1
� ��4

T

p
(41)

it is appropriate to set �� equal to ��2T . Figure 4 shows the functional
form (36) compared with the Harper–Bourne [6] fit. The scaled

transverse length scales �l2;3 and the Hankel transformG0 will then be
given by ([27])

�l 2;3 � l2;3=�1� ~!2�1=4 (42)

and

G0� �kT; �k1; ~!� �
1

2�1� �k21�
e�

�k2T=4�1� �k2
1
�1=2 (43)

respectively, which implies that the spectral tensor���j�l�y; k; !�will
depend on the transverse component kT of k only through

�k 2
T � ��l2k2�2 � ��l3k3�2 (44)

But since the results in [4] are based on the assumption that Rijkl
depends on the transverse component of the separation vector only
through itsmagnitude, and since [14] shows that this assumption is in
good agreement with LES data (see discussion in Sec. I), we suppose
that

�k 2
T � k22 �l 22 � k23 �l 23 � ��lTkT�2 (45)

where k2T is obtained using the right side of Eq. (19), and

�l T �
����������������
�l 22 � �l 23

q
(46)

Equation (25) can be generalized to account for the experimentally
observed long-range oscillations in the autocovariance function by
putting

Rijkl �
X1
m�0

X1
l�0

am;lD
m
1 D

l
�e
�X (47)

where the am;l are parameters and the operators Dn
� , for �� �, 1 are

defined by

D1 �
�
~�1 �

�
l1
l0

�
~�1

��
@

@ ~�1
�
�
l1
l0

�
@

@ ~�1

�
; D� � ~�1

@

@ ~�1
;

D0
� � 1; Dn

� � D� . . .D�; n times (48)

Then, since Eqs. (39) and (43) can also be written as

��ijkl�k1; kT; !�

� �

l0l1 �l

2
T�1� ~!2�1=2Aijkl

Uc

1

R

@

@R

1

�1� R2� e
� ~k2T=4�1�R2�1=2 (49)

for l2 � l3 � lT, where

R2 � ~!2 � ~k21 (50)

~k 1 � �k1 � !=Uc�l1 (51)

and

~k 2
T � �k22 � k23��l 2T�1� ~!2�1=2 (52)

this implies that

��ijkl�k1; kT; !� � �

l0l1 �l

2
T�1� ~!2�1=2Aijkl

Uc



X1
m;l�0

am;l��1�m�lDm
k1
Dl
!

1

R

@

@R

1

�1� R2� e
� ~k2T=4�1�R2�1=2 (53)

where Dk1
�
�
l1
l0

@
@ ~!
� @

@ ~k1

��
l1
l0
~!� ~k1

�
, D! � @

@ ~!
~!, @=@ ~! is at

constant ~k1 and vice versa.
Retaining the first few an;0 terms in Eq. (47) yields

Rijkl �
�
a0;0 � Z�a1;0 � 2a2;0 ~l

2 � 4a3;0 ~l
4� � Z2

�
1� 1

X

�
�a2;0

� 6a3;0 ~l
2� � Z3

�
1� 3

X

�
1� 1

X

��
a3;0

	
e�X (54)

where

~l 2 � �l21 � l20�=l20 (55)

and

Z � 1

X

�
~�1 �

l1
l0

~�1

�
2

(56)

The corresponding two- and three-term expressions for the
spectral tensor components (53) are written out in the Appendix.

Equations (30), (31), and (42) imply that the formulas for the
frequency-dependent length scales will be different from those
proposed by Harper–Bourne [6], with the most significant dis-
crepancy being that the asymptotic behavior [Eq. (34)] of the
transverse length scales does not match those proposed by Harper–
Bourne [6] (see alsoMorris and Zaman [7,8]). However, the Harper–
Bourne [6] result suggests that it may be better to base this modeling

Fig. 4 Comparison of the function in Eq. (36) with the exponential

Eq. (41).
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on the spectral tensor (29–33) rather than on the original space-time
form (25) and (26), since the former can be generalized by
introducing different formulas for the frequency-dependent length

scales �li. In particular, the high-frequency roll-off of the transverse
length scales can be made to match the Harper–Bourne [6] result,

when �� is equal to ��2T , by replacing the original frequency scaling
Eq. (42) by

�l 2;3 �
l2;3

�1� ~!2�1� b ~!2�=�1� b�	1=4 �
�lT=

���
2
p

(57)

where b is a (relatively small) constant. This modification only
changes the transverse length scales and, therefore, does not change
the shape of the streamwise autocovariance function shown in Fig. 3.
The more general, Harper–Bourne-type, frequency-dependent
length scales can also be exploited (i.e., modified) to better capture
the large-scale structures, which are believed to be the dominant
source of the small-angle radiation at highMach numbers, by starting
from the autocovariance spectrum Eqs. (29–33) (with appropriate

models for the frequency-dependent transverse length scales �l2, �l3)
instead of from the autocovariance Eqs. (25) and (26). But this is
equivalent to starting with the spectral tensor (39) and (40), with an
appropriate model for the frequency-dependent transverse length

scale �lT or,more generally, starting from the spectral Eq. (53) (with an

appropriate model for �lT) instead of from the autocovariance,
Eq. (47). Previous attempts to use frequency-dependent length scale
models of the Fourier-transformed autocovariance tensor can be
found in [28–30]. Since the models for the time and streamwise
spatial separation scales enter through the space-time covariance
Eqs. (25) and (26), while the transverse separation dependence is
specified in terms of the transverse frequency-dependent length scale
�lT that enters through the spectral form (53), the present approach can
be thought of as a hybrid between time-domain and frequency-
domain modeling.

Although the frequency-dependent length scale model (57)
matches the high-frequency roll-off of the Harper–Bourne [6] form,
it leads to a nonintegrable form for the acoustic spectrum. To see this,
note that Eqs. (16), (19), (39), (43), and (45) imply that

�k 2
T 
 �!�lT=c1�2f�1 �M�yT� cos �	2c21=ec2 � cos2�g as !!1

(58)

remains finite as !!1 and vanishes when �1 �M�yT�
cos �	2c21=ec2 ! cos2�, and that

��ijkl�k1; kT; !� !

l0 �l1 �l

2
TAijkl

Uc ~!
2


 exp�
�
�!�lT=c1�2

4
��������������
1� �k21

p f�1 �M�yT� cos �	2c21=ec2 � cos2�g
�

as !!1 (59)

so

��ijkl�k1; kT; !� / !�5 as !!1 (60)

when the frequency-dependent length scales are given by Eq. (57),
which implies that the corresponding far-field acoustic spectrum
decays like 1=! and is, therefore, nonintegrable (see also [4]). But

since it would be hard to tell whether �l2;3 decayed like !
�5=4 instead

of like !�1 from the Harper–Bourne [6] or the Morris and Zaman
[7,8] data, it is reasonable to obtain an integrable spectrum by putting

�l 2;3 �
l2;3

�1� ~!2�1� b ~!3�=�1� b�	1=4 �
�lT=

���
2
p

(61)

Changing the frequency-dependent length scale �lT in Eqs. (52) and
(53) is equivalent to changing it in the normalized spectrum
Hijkl�y;�; !�=Hijkl�y; 0; !� of Eq. (36). So the former results can, for
example, be made more consistent with the Harper–Bourne result by

using Eq. (57) [or Eq. (61)] for �l2 � �l3 � �lT=
���
2
p

. Figure 5 is a plot of
the transverse frequency-dependent length scale model (61), along
with the functional form used by Harper–Bourne [6] to fit his results
for the spatial decay scales obtained from his coherence measure-
ments. The models are quite similar and, as mentioned above, it is
difficult to distinguish their slightly different high-frequency asymp-
totic behaviors.

As noted above, this modification does not change the shape of the
streamwise autocovariance function shown in Fig. 3, which means
that the spectrum Eq. (36) is still in good qualitative agreement with
the usual experimental data. Equations (10) and (37) can be used to
calculate the spectral function���j�l�y; k; !� that appears in Eq. (16).

V. Results and Discussion

The acoustic predictions require information about the various
components of the turbulence autocovariance amplitudes
Rijkl�y; 0; 0�. Goldstein and Leib [4] and Karabasov et al. [23,24]
assume that

Rijkl�y; 0; 0� 
 Cijkl� ��k�2 (62)

where the Cijkl are constants and k now denotes the turbulent kinetic
energy determined from a RANS computation. Goldstein and Leib
[4] use the quasi-normal and axisymmetry assumptions, along with
experimental data, to determine the Cijkl, whereas Karabasov et al.
[20,21] use information from a LES to determine these quantities.
The specific values used in [4] were: C1111 � 1:28; C2222 � C3333�
C2233 � 0:72; C1122 � C1133 � C1212 � 0:96, but it was incorrectly
stated in that reference that C1122 � C1212 by definition. Also, the
equations defining the Cijkl, beginning on the ninth line of p. 322,

should read: C1111 � 2�v021 �2=k2, etc.
The computations in this paper are based on Eqs. (A4) and (62)

with the an;0=a0;0 taken to be independent of the source location y,
and b� 0:1 for the quadrupolelike terms and b� 0:5 in the
dipolelike term, as identified in [4]. The former approximation is
introduced because of the lack of detailed information about the
variation of the turbulence spectrum within the jet, and may not pro-
vide a very good representation of the real turbulent autocovariance
functions in certain regions of the flow. The specific values used for
the ratios, an;0=a0;0, of the coefficients in the truncated series
representation Eq. (A4) are indicated in Table 1.

Recently obtained experimental data [7–14] and LES results
[31] are used to scale the turbulent Reynolds stress autocovariance
amplitudes, relative to the purely axial component. The turbulence
is assumed to be statistically axisymmetric, but not quasi normal

ω

l T
/D

0 2 4 6 8 10
0

0.02

0.04

0.06

0.08

0.1

Harper-Bourne [6]: (0.15/ω)(1 - e-0.5ω )
Equation (61)

~

~ ~

Fig. 5 Comparison of the transverse frequency-dependent length scale

model Eq. (61) with Harper–Bourne’s [6] formula.
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as assumed in [4]. Specifically, we set C2222 � C3333�
0:159C1111, C2233 � 0:0, C1122 � C1133 � 0:047C1111, and C1212�
0:228C1111. The absolute level of the turbulence (and therefore

of the sound) is set by putting C1111 � 2�v021 �2=k2 where v0 �
fv01; v02; v03g and v0

2

1 � 0:8k, as suggested by flow measurements in
the jets considered in this paper. The length scales, l1,
l2 � l3 � lT , are related to the RANS computations by setting
l0 � C0k

3=2=", l1 � C1k
3=2=" and lT � CTk3=2=". The specific

values used for the constants in these length scales are shown in
Table 2.

As in [4], we set Uc � 0:68Ucl, where Ucl is the jet centerline
velocity, for the quadrupolelike source terms, but, to better represent
the large-scale turbulent structures in the jet, we use Uc � 0:8Ucl in

the dipolelike term. All of the supersonic calculations in this paper
are based on the composite Green’s function solution of [4] that
accounts for both actual and detuned critical layers.

Figure 6 shows comparisons of the resulting predictions with the
SHJAR data. Predictions have been made for three unheated jet flow
conditions, corresponding to jet exit acoustic Mach numbers of 0.5,
0.9, and 1.4. Each plot shows results for the far-field acoustic spectra
corresponding to a fixed far-field observer polar angle (measured
from the downstream jet axis) at the three jet Mach numbers
considered. Seven polar angles are shown, covering the range of
interest. The predictions, which are, of necessity, based on a number
of questionable assumptions about the turbulence (such as the
assumed constancy of thean;0), are generallywithin about 2 dBof the

Table 1 Coefficients in the truncated series

representation of the turbulence spectrum

Component a1;0=a0;0 a2;0=a0;0 a3;0=a0;0

1111 0.073 0.070 �8:48 
 10�4

2222� 3333 0.519 0.049 �0:0097
1122� 1133 0.103 0.079 0.0
1212 0.559 �0:006 �0:015

Table 2 Constants used to determine the length

scales for the indicated components of the

turbulence auto- covariance

Component C0 C1 CT

1111 0.7 1.2 0.4
2222� 3333 0.7 0.8 0.89
1122� 1133 0.7 1.1 1.0
1212 1.05 1.0 1.1
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Fig. 6 Comparisons of predictions based on equation 6.27 ofGoldstein andLeib [4] and the present hybrid sourcemodel with the SHJARacoustic data.
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data. Figure 28 of [32] suggests that the range of variation of data
taken for the same nominal flow conditions in different facilities can
also be about 2 dB, although the uncertainty in the SHJAR data has
been documented as closer to 1 dB [33]. The accuracy of the noise
predictions is also limited by the inherent uncertainty in the RANS
solution. The model is able to capture the large increase in sound at
supersonic speeds for angles near the jet axis. The hatched regions in
the plots for �� 80 and 90

�
in Fig. 6 indicate where the data are

believed to be dominated by shock-associated noise, caused by slight
differences in the actual exit pressure from its perfectly expanded
value. The present model only accounts for the turbulent mixing
noise, and not the shock-associated noise. Morris and Miller [34]
recently developed a prediction scheme for the broadband compo-
nent of this noise in imperfectly expanded supersonic jets using an
(different) acoustic analogy. There is a critical layer, at the transverse
location where 1 �M�yt� cos �� 0, for angles � � 45

�
in theMa �

1:4 supersonic case shown in Fig. 6. But the sound field may also be
affected by another detuned critical layer with even more com-
plicated asymptotic structure, at angles that are a little larger than
that.We, therefore, do not showany results for �� 50

�
andMa � 1:4

in this figure.
Figure 7 shows the contributions to the total acoustic spectrum

from the individual terms in the equation 6.27 of [4]. The results lend
further support to the idea of a two-source model for jet noise
discussed in [4] and in greater detail in [16] (see also references
therein). The results in Fig. 7 show that the far-field acoustic
spectrum is dominated by the contribution from quadrupolelike
terms (i.e., terms that behave like !4 as !! 0) at subsonic Mach

numbers, and at 90 degrees to the jet axis at transonic and supersonic
Mach numbers, whereas the dipolelike term (which behaves like !2

as!! 0) is the dominant term for supersonic speeds at small angles
to the jet axis. The present paper suggests that the strong direc-
tionality of the latter term is now almost entirely due to mean flow
interaction effects and retarded time variations across the source
region. The acoustic spectra of transonic and supersonic jets at
intermediate angles contain contributions from both types of terms.

Figure 8 shows the contributions to the acoustic spectra from
various axial slices through the jet for different polar angles and
Mach numbers. The relevant potential core lengths, determined from
mean flow measurements [11,12], are indicated in the captions. At
small angles to the downstream jet axis, particularly at the higher
Mach numbers, the overall spectral peak is not too far above the
peaks from the slice contributions from near the end of the potential
core, which tend to be considerably higher than the peaks of the slice
contributions from the remainder of the jet. At the sideline angles
(particularly 90 degrees), the peak in total spectrum is considerably
higher than the peaks from the individual slice contributions and the
peak levels of the latter are nearly equal for a larger number of slices.
This suggests that sound radiated to the peak noise direction (around
30 degrees to the jet axis) is primarily generated near, and just
downstream of, the end of the potential core, whereas that radiated to
the sideline directions is generated over a broader range of source
locations in the jet.

The results presented in this paper (as well as those in [4]) suggest
that relatively subtle characteristics of the Reynolds stress auto-
covariance function model can have a large effect on the predictions
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Fig. 7 Contributions to the predicted acoustic spectra from individual components. Solid curves, total spectrum; squares, quadrupolelike term, and

triangles, dipolelike term.
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for the acoustic radiation, particularly at high Mach number and
shallow angles to the jet axis. Figure 9 shows the independent
components of the Reynolds stress autocovariance tensor, which
appear in the formula for the acoustic spectrum for values of the ratios
an;0=a0;0 given in Table 2 (i.e., those used in the noise predictions) as
functions of the normalized variables defined in Sec. IV. The
autocovariance R1111 of the (density-weighted) streamwise velocity

squares, which appears in the quadrupolelike term, has awell defined
cusp at � � 0 when �1 � 0, and closely resembles the experimental
results shown in Fig. 2, as well as those of other investigators (e.g.,
[7]). It tends to remain positive for most values �1 and �, which is
consistent with the arguments given in [7] based on the quasi normal
hypothesis, although we do not use this hypothesis here. The R1122

covariance, which also appears in the quadrupolelike term, is very

Fig. 8 Contributions to the predicted spectra fromvarious axial slices through the jet: a)Ma� 0:5, end of the potential core at xc=D� 5:0; b)Ma� 0:9,
end of the potential core at xc=D� 6:5; and c) Ma� 1:4, end of the potential core at xc=D� 8:0.
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similar. Our model for the autocovariance R2222 and, to a lesser
extent, the shear stress autocovariance, R1212, which appears in the
dipolelike term, have regions of negative correlation.

VI. Conclusions

The acoustic analogy formulation of [5] relates the far-field
acoustic spectrum to the product of a propagator and the space-time
Fourier transform of the fluctuating Reynolds stress autocovariance
tensor. The present paper introduces a newfixed-framemodel for this
tensor, which is more consistent with characteristics observed in
recent experimental measurements of turbulence in jets than the
moving-frame model used in [4]. This significantly diminishes
source convection effects and the predicted directionality of the
radiated sound can, therefore, be attributed to mean flow interaction
effects and retarded time variations across the source region.

The result is used to predict the radiated sound field from three
unheated jets, with jet exit acoustic Mach numbers of 0.5, 0.9, and
1.4, and comparisons are made with data taken in the SHJAR at
NASA John H. Glenn Research Center at Lewis Field. The predic-
tions of [4] were in reasonably good agreement with this data at
observation angles of 30 and 90 deg, but were found to be in error at
intermediate angles. The predictions based on the present model are
shown to be in much better agreement with the data at these angles.
The newmodel contains a number of “parameters” that are expected
to vary with source location, but were treated as constants because of
the lack of detailed information about the variation of the turbulence
spectrumwithin the jet. Efforts are currently under way to obtain this
information and the data will be used to properly account for the
variation in these parameters when it becomes available. The hope is
that the improved model will produce more reliable predictions

outside the range of flow conditions for which they have been
calibrated.

Appendix: Higher-Order Terms in the Reynolds
Stress Autocovariance Formula

Equation (53) becomes
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when the series (47) is truncated after the second term. Or since
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this can be written as
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Fig. 9 Shapes of the Reynolds stress autocovariance components for the model coefficients used in the predictions.
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where �kT and ~l2 are defined by Eqs. (45) and (55), respectively, and
the @=@R derivative is carried out at constant ~! and �kT . Similarly at
the next order
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